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We present a theoretical investigation of incoherent accessible white-light solitons in strongly nonlocal
medium with noninstantaneous Kerr nonlinearity. This soliton has elliptic Gaussian intensity profile and an-
isotropic spatiotemporal coherence properties. For this soliton to exist, the spatial coherence distance should be
larger for lower frequencies and shorter for higher frequencies. When the incident power differs from the
critical value, we demonstrate the periodic harmonic oscillations of the accessible white-light solitons.
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The observation of partially coherent solitons changed the
previous concept that solitons are fully coherent entities �1�.
Subsequently, self-trapping of spatiotemporally incoherent
white-light solitons was observed �2�. Last year, incoherent
solitons in a discrete optical lattice were also reported experi-
mentally �3�. An experimental observation of such incoher-
ent solitons was carried out in photorefractive crystal which
has a noninstantaneous nonlinear response �1–3�. It was also
shown that incoherent solitons can be obtained in nematic
liquid crystals for its nonlinear response is sufficiently slow
to allow for formation of incoherent solitons �4,5�. Nematic
liquid crystal is also a strongly nonlocal media �6� so that
experimental observation of accessible solitons �7� turns into
reality �8�. Partially coherent solitons in nonlocal media have
been studied extensively �9–11�. It is also shown that inco-
herent solitons can exist in instantaneous nonlocal nonlinear
media �12�. Nonlocal white-light solitons have been dis-
cussed in the case of logarithmic nonlinearity �13�, where the
degree of the nonlocality is arbitrary. Yet white-light solitons
have not been studied in Kerr media with extremely large
nonlocality �14�.

Here we present a theoretical investigation of accessible
white-light solitons in strongly nonlocal media with nonin-
stantaneous Kerr nonlinearity. These incoherent solitons
have elliptic Gaussian intensity profile and anisotropic spa-
tial correlation statistics. For this soliton to exist, the spatial
coherence distance should be larger for lower frequencies
and shorter for higher frequencies. The propagation of the
accessible white-light solitons depends on the incident power
as well as the coherence properties of the beam. When the
incident power differs from the critical value, the solitons
will undergo periodic harmonic oscillations. Relevant prop-
erties are discussed in detail.

Consider a spatiotemporally incoherent white-light beam
propagating in a strongly nonlocal media with noninstanta-
neous Kerr nonlinearity. Suppose that the frequencies of the
beam lie within the interval ��0�1−�� ,�0�1+���, where �0

is the central frequency and � denotes the width of the tem-
poral power spectrum. The effective theory of treating the
propagation of spatially and temporally incoherent light is
the so-called mutual spectral density theory �15–18�. The
propagation of the incoherent beam satisfies an integrodiffer-
ential equation �15�

�B�/�z − �i/2k�����1
2 − ��2

2 �B�

=
ik�

n0
��n„I�r1,z�… − �n„I�r2,z�…�B��r1,r2,z� , �1�

where k�=n0� /c is the wave vector and B��r1 ,r2 ,z� repre-
sents the mutual spectral density describing the correlation
statistics and the intensity of the beam �15–18�, �� is a two-
dimensional transverse Laplacian operator. In nonlocal Kerr
media, the nonlinear part of the refractive index can be ex-
pressed as �n�I�=�R�r�−r���I�r�� ,z�dr��, where R�r�−r��� is the
circularly symmetric nonlocal response function and I�r ,z�
=1/2��0

�d� B��r ,r ,z� is the time-averaged optical intensity.
In the case of strong nonlocality, �n�I� �expanded in Taylor’s
series to the second order� is defined as �n�I�=R0P0

− 1
2�P0r2 �11,19,21�, R0= �R�r���r=0 is the maximum of R�r��,

�= �−R�2��r���r=0�0, and P0=�I dx dy is the total power.
From Eq. �1�, we get the propagation equation of the inco-
herent beam
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For convenience, introducing two new spatial coordinates p�
and q�

p� = 1
2 �r�1 + r�2�, q� = r�1 − r�2, �3�

under a new spatial coordinates system, Eq. �2� turns into

�B�/�z − �i/k���� p� · �� q�B� + �ik�/n0��P0p� · q�B� = 0. �4�

The solution of Eq. �4� for the mutual spectral density is
in the elliptic Gaussian profile �17�

B��p� ,q�� = A� exp	−
px
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2
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2 
 , �5�

where A� denotes the spectral density, Wx0 and Wy0 denote
the beam widths, and Qx0 and Qy0 are related to the spatial
correlation distance of the beam. Equation �4� has the math-
ematical form that is identical to the equation for elliptic
Gaussian solitons in logarithmic local nonlinear media when
the incoherent optical field is propagation invariant �17,20�.
Since nonlocality can prevent the catastrophic collapse of
self-focused beams, allowing �2+1�D solitons in Kerr-type
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media �21�, and the two-dimensional Gaussian mutual spec-
tral density will maintain its coherence properties during its
propagation. Inserting Eq. �5� into Eq. �4�, we obtain the
beam parameters that should obey

Qj0 = c/�Wj0
�n0�P0 = ��0/��Q0, j = x,y , �6�

where Q0=c / ��0Wj0
�n0�P0� is associated with the spatial

correlation distance at frequency �0 and c is the speed of the
light. From Eq. �6�, we find that for this elliptic incoherent
soliton to exist, the spatiotemporal coherence properties
should be anisotropic such as the incoherent solitons in local
media �22,23�. The quantities Qj0 are related to the total
power so that the nonlinearity in strongly nonlocal Kerr me-
dia depends on the incident power, whereas in other media
the coherence properties of incoherent solitons are only re-
lated to the spatial distribution of the intensity �9,17,13�. The
spatial coherence properties for each frequency constituent
can be found from the complex coherence factor �24�, com-
bining Eqs. �5� and �6� we obtain

���r1,r2,z� = B��r1,r2,z�/�B��r1,r1,z�B��r2,r2,z�

= �
j=x,y

exp	 1

4Wj0
2 −

�2Wj0
2 n0�P0

c2 
qj
2

2 � .

�7�

The spatial coherence distance can be obtained from the fol-
lowing expression �24�:

lj��� = �
−�

+�

����r1j,r2j,z��2dr2j

= �2��cWj0/�4�2Wj0
4 n0�P0 − c2�, j = x,y , �8�

where lx��� and ly��� are the spatial coherence distance at
frequency � in the x and y directions. Equation �8� is the
existence curve for the white-light solitons in strongly non-
local media with a Kerr nonlinearity. In Fig. 1 we plot the
existence curve and the complex coherence factors at three
frequencies of such accessible white-light solitons. We as-
sume the nonlocal response function, of the media is in the
Gaussian form �21�

R�r�� = 1/2�	2 exp�− �x2 + y2�/2	2� �9�

which implies that �=1/2�	4; here 	 is the width of the
response function which is much larger than the beam width
in strongly nonlocal media.

From the existence curve we find that for white-light soli-
tons to exist in strongly nonlocal media, the spatial correla-
tion distance should be larger for lower frequencies and
smaller for higher frequencies at a given incident power; this
result has been studied in other papers �13,16–18�. It is also
shown that the spatial coherence distance will decrease when
the total power increases. In strongly nonlocal media, the
nonlinear part of the refractive index depends on the incident
power �19,21�. When the total power increases, the tendency
of self-trapping will strengthen. To balance this, it requires
that the beam should be more incoherent, i.e., the coherence
distance decreases. From Fig. 1�b� we find that the width of
the complex coherence factor is larger for lower frequencies

and smaller for higher frequencies, which implies that the
spatial correlation distance is larger for lower frequencies
and smaller for higher frequencies. The width of the complex
coherence factors will also decrease when the incident power
increases.

From Eq. �8� it follows that the beam widths should be
larger than a threshold value, i.e., Wj0��c / �2��n0�P0�.
This threshold must be satisfied for every frequency within
the spectrum. Suppose the temporal power spectrum of the
beam is ��min ,�max�; then the beam widths should obey the
relation Wj0��c / �2�0�1−���n0�P0�.

In the above section, we have obtained the existence
curve for stationary accessible white-light solitons �Eqs. �5�
and �6��. Next we will analyze the periodic harmonic oscil-
lations of such incoherent solitons. According to Eq. �6�,
assume that the mutual spectral density is in the following
form during its propagation �13,17�

B��px,qx,py,qy,z� = A��z� �
j=x,y

exp	−
pj

2

2Wj
2�z�

−
qj

2

2Sj
2�z�

�2

�0
2 + ipjqj
��z�
 , �10�

where A��z� and 
��z� denote the amplitude and the phase of
the mutual spectral density, Wj�z� is the beam width, and

FIG. 1. The existence curve and the complex coherence factors
of accessible white-light solitons. The initial parameters are n0

=2.3, Wj0=10 �m, �=2.5�109 �	=283Wj0�, and �min=2.69
�1015 Hz �solid line�, �0=3.44�1015 Hz �dotted line�, and �max

=4.19�1015 Hz �dashed line� for �b�.
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Sj�z� is associated with the spatial correlation distance at
frequency �0. Inserting expression �10� into Eq. �4�, we ob-
tain a set of ordinary differential equations for the parameters
of the mutual spectral density

dA��z�
dz

= −
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k�


��z�A��z� , �11�

dWj�z�
dz

=
1

k�


��z�Wj�z� , �12�
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dz
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1
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��z�Sj�z� , �13�
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−
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2 �z�
k�

2 −
�P0

n0
. �14�

From Eqs. �12� and �13� we obtain the relation Sj�z� /Wj�z�
=Sj�0� /Wj�0�, which shows the coherence properties of the
beam during the evolution. Combining Eqs. �11� and �12�
gives the amplitude A��z�=Wj

2�0� /Wj
2�z�A��0�. Finally, in-

serting Eq. �14� into Eq. �12�, we obtain the evolution equa-
tion of the incoherent beam,

d2Wj�z�
dz2 −

1

k�0

2

Wj
2�0�

Wj
3�z�Sj

2�0�
+

�P0

n0
Wj�z� = 0. �15�

In Eq. �15� by setting Wj�z�=Wj�0�, we obtain the critical
power Pc=c2 / �n0��0

2Wj
2�0�Sj

2�0�� of the accessible white-
light solitons. When the total power satisfies the critical
value, the soliton will maintain its width. Otherwise, solitons
will undergo periodic oscillation. Assume that the beam at
z=0 has �dWj�z� /dz�z=0=0; integrating Eq. �15� once, we can
obtain

�dWj�z�/dz�2 + �1/k�0

2 Sj
2�0���Wj

2�0�/Wj
2�z� − 1�

+ ��P0/n0��Wj
2�z� − Wj

2�0�� = 0. �16�

Let Wj�z� /Wj�0�=Y�z� and rewrite Eq. �16� as

�dY/dz�2 = m�Y2 − 1��� − Y2�/Y2Wj
2�0� , �17�

where �= Pc / P0=c2 / �n0�P0�0
2Wj

2�0�Sj
2�0�� and m

=�P0Wj
2�0� /n0. From Eq. �17� we get the simple form of

accessible white-light solitons in strongly nonlocal media,

Wj
2�z� = Wj

2�0��cos2�z� + � sin2�z�� , �18�

where =�m /Wj�0�=��P0 /n0. When �=1, W�z�=W0, the
accessible white-light solitons maintain their width during
the propagation. When ��1, the solitons will undergo peri-
odic harmonic oscillation �7�. Combining Eqs. �8� and �10�,
we can obtain the coherence distance of the incoherent light
beam during propagation,

FIG. 2. Harmonic oscillations of the beam width and the coher-
ence radius when the incident power differs from the critical value
���1�. The initial parameters are n0=2.3, Wj�0�=10 �m, �=2.5
�109 �	=283Wj�0��, Sj�0�=3 �m, the critical value of the power
is Pc=0.001 46 �W� and �min=2.19�1015 Hz, �0=3.44�1015 Hz,
and �max=4.69�1015 Hz.

FIG. 3. Evolution properties of the normalized intensity when
the solitons undergo periodic harmonic oscillation, Wx�0�=10 �m,
other parameters are as same as in Fig. 2. �a� P0=1.15 mW ��
�1�, �b� P0=1.95 mW �0���1�.
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lj��� = 2��Sj�0�Wj�z�/�4Wj
2�0��2/�0

2 − Sj
2�0� . �19�

In Fig. 2 we show the linear harmonic oscillations of the
beam width and the coherence radius when the accessible
white-light solitons undergo periodic oscillations. Figure 2�a�
shows that the beam will oscillate periodically between
Wj�0� and somewhat larger values when the power is smaller
than the critical value ���1�. The beam width will increase
at first and decrease when it reaches the maximum. The am-
plitudes and the periods of the oscillation are larger for lower
incident power and smaller for higher incident power. When
the power is larger than the critical value �0���1�, the
beam width will oscillate between Wj�0� and somewhat
smaller values. The amplitudes of the oscillation will in-
crease while the periods of the oscillation will decrease when
the incident power increases. Figure 2�b� shows the oscilla-
tion behaviors of the coherence distance at three frequencies.
We can see that the periodic oscillations of all frequencies is
the same at a given power, which is the same as the periodic
oscillations of the beam width. The coherence distance is
larger for lower frequencies and smaller for higher frequen-
cies at an incident power. When the incident power is larger
than the critical value, the correlation distance of all fre-
quency constituents will oscillate between their initial values
and somewhat smaller values. When the incident power is
smaller than the critical value, the correlation distance of all
frequency constituents will oscillate between their initial val-
ues and somewhat larger values. The oscillation periodic will
decrease when the power increases for any conditions.

The intensity of the white-light beam �consider only x
direction, i.e., at the cross section y=0� is obtained from Eq.
�10� during the propagation process through

I�x,z� = �I0Wx
2�0�/Wx

2�z�� exp�− x2/2Wx
2�z�� , �20�

where I0 is the time-averaged peak intensity of the incident
beam. In Fig. 3 we plot the evolution properties of the nor-
malized intensity when the solitons undergo a periodic har-
monic oscillation. When the incident power is smaller than
the critical power ���1�, the normalized intensity peak of
the incoherent beam decreases first and oscillates between 1
and a somewhat smaller value, as shown in Fig. 3�a�. When
the incident power is smaller than the critical power �0��
�1�, the normalized intensity peak of the incoherent beam
increases first and oscillates between 1 and a somewhat
larger value, as shown in Fig. 3�b�. The intensity decreases
when the beam expands and increases when the beam con-
tracts.

In summary, incoherent white-light solitons in strongly
nonlocal media with a Kerr nonlinearity are studied. For
these solitons to exist, the coherence distance should be
larger for lower frequencies and shorter for higher frequen-
cies. The propagation of the incoherent accessible white-light
solitons depends on the incident power as well as the coher-
ence properties of the beam. When the incident power differs
from the critical value, the solitons will undergo periodic
harmonic oscillations.
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